DSCC/CSC 435 & ECE 412 Optimization for Machine Learning Lecture 9

Dual Methods
Lecturer: Jiaming Liang October 10, 2024

1 Dual proximal method

Consider the problem
min{ f(z) + h(Az) : x € R"}

where A € R™*" and
e h is closed and convex;
e f is closed and p-strongly convex;
e there exist & € ri(dom f) and 2 € ri(dom h) such that Az = 2.

Strong duality holds in this case.

1.1 Dual problem

Consider an equivalent problem
Jmin f(x) +h(z)
st. Az — 2z =0.
We define the Lagrangian as
L(z,23y) = f(x) + h(z) —y' (Az - 2),
and the dual function is
d(y) = inf L(z, %)
= iIzlf {f(a:) — yTA:U} + irzlf {h(z) + yTz}
= —sup {(ATy) Tz~ f(@)} —sup {(~y) "z~ h(2)}

= —f*(A"y) = h*(~y),
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where f* and h* denote the conjugates of f and h, respectively. Thus, the dual problem is

d(y).
max (v)

We consider the dual problem in its minimization form

[nin (y) + H(y) (2)

where
F(y) = f*(ATy), H(y)=h*(-y).

Example. Use Lagrangian to find the dual of the following linear programming

minimize clx
subject to Az =10
Cx <d.

Associating dual variables A > 0 and v, the Lagrangian is
Lz, \,v)=c'z+ A (Cz —d) +v' (Az —b)
= (CT +AC+ I/TA) z—d\" —vTh,
which is an affine function of x. It follows that the dual function is given by

A'd—vTh, ¢c+C"A+ATv=0

—00, otherwise.

d(\v) = irzlfL(x,)\,y) = {

The dual problem is
maximize  d(\,v)
subject to A > 0.
After making the implicit constraints explicit, we obtain
maximizey , “ATd—vTp
subject to ¢+ CTA+ATv =0
A>0.

Now, we have introduced the dual problem. Let us revisit the proximal gradient method studied
in Lecture 6. Indeed, the method is a primal-dual method and provides a primal-dual convergence

guarantee.

Theorem 1. Consider the problem min{¢(x) = f(x) + h(z) : © € R"} in Lecture 5 and apply the
proximal gradient mehtod, then we have the primal-dual gap bounded as follows,

R R 2
Bonsn) + @)+ (—) < 52

where the notation is clear from the proof and skipped in the statement.
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Proof. Recall from the proof of Theorem 5 in Lecture 6 that for every x € dom h,

1 1
Uy(z;z) + h(x) + ﬁ”iﬂ —zp))* > P(wrar) + ﬁ”x — zppa . 3)
Taking x = x5, which is the closest point in the solution set to xg, and using the convexity of f,
we have
1 * 2 1 * 2
b+ ol — arll® 2 9exer) + 557t — I,
SO

loxss — il < llzw — apll < llwo — il := do.
It follows from the triangle inequality that
[z — zol| < llwre — 25l + [lzo — x| < 2dbo.
We also have for every x € R™,
Cr(zsog) < f(x),  yr = Vf(ag) = V(25 28).
Then, using Theorem 2 of Lecture 5, we have
Cp(as o) = —(Cp (5 o0)) " (Ye) + (Wis ) < = (yk) + (Y, @)
It thus follows from (3) that
P(@rs1) + F7 () + (~yp, 2) = hlz) < o5

Averaging over the iterations and using convexity, we have

= —zl* - )\||$—$k+1”2-

1
B(Er) + (@) + () — hw) < 5l — ol
Maximizing x over B(zg,2dy), we have

2dj

o 2 _

Since

serre A=tk z) = hlz)} = maxd{(=gk, 7) - h(a)} = I (=gr)

where h(z) = h(z) + I5(z),
2d

O(Try1) + 1 (Tk) + B (—gx) < Ve

T oo

Since Ty € B(xo, Qdo),
2 * (= 7% = 2d%
O(Tra1) + F7 () + 17 (=) < -
Note that z, € B(xg,2dp), to solve the problem min{¢(x) : x € R™}, it suffices to solve

min {6(x) = f(x) + hz)}.
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1.2 Dual proximal method

Let us go back to problem (2) and examine its properties.
Lemma 1. We have F is convexr and Lp-smooth where Lp = ||A||?/u and H is closed and convex.

Proof. Since f is p-strongly convex, by conjugacy, we know f* is (1/u)-smooth. Thus, for any
Y1, y2 € R™, we have

IVE(y1) — VE(y2)|l = [[AVf*(ATy1) — AVF*(ATy)]|
<AV F*(ATy1) — V(AT )|
| A

Iy 4T
<— A (31— 2
p A" ( i

A,
> Hyl y2”-
il

By conjugacy and the fact that convexity preserves under composition of a convex function and a
linear mapping, we know both F' and H are convex. O

Since the dual problem (2) is the sum of a convex smooth function F'(y) and a convex composite
function H(y), which has a proximal mapping because of the assumption on h and the Moreau
decomposition theorem. This is exactly the setting for the proximal gradient method, we thus
apply the method to (2).

Algorithm 1 Dual proximal method
Input: Initial point yp € R™
for £ > 0 do

Compute yr11 = proxy g (yx — AVF(yx)).
end for

Since F' is convex and Lp-smooth and H is closed and convex, invoking Theorem 5 of Lecture 6,

we obtain the convergence rate of the dual sequence.

Theorem 2. Choose A € (0,1/Lp|. Then, Algorithm 1 generates a sequence of points {yx} satis-

fying )
lyo — ||
DYV

Lemma 2. The dual iteration yx4+1 = proxyg (yx — AVE (yi)) can be equivalently rewritten as

d* —d(yx) < Vk 2 1.

zri1 = argmax gere { (z, A yr) — f(2)}, (4)

1
Yk+1 = Yr — AAZp1 + Aproxa, <A~”Uk+1 - )\yk> : (5)
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Proof. Note that the dual proximal update can be written as

. 1
yer1 = min 3 Ce(ysye) + Hy) + oy lly — vl ¢ -
yeER™ 2\
Its optimality condition is
Ye+1 — Yk
0€ VF(ye) + 0H (yrt1) + ——— (6)

It follows from Proposition 1 of Lecture 5 and (4) that

VE(y) = AV f*(A ) = Aargmax , {(A yp,2) — f(2)} © Azpsy.

Define

2yl = 7‘%“/\_ L VF(y) = LH}\_ L Axpqq. (7)

Then, it follows from the optimality condition (6) that

—2k+1 € OH (Y1) = —Oh" (—Yk+1)-

Using Theorem 2 of Lecture 5, we have

Oh(2k+1) D —Ykt1-

Hence,
0€ yYpy1 + 8h(zk+1).

Equivalently, by (7), we have
0e 3h(zk+1) + yr + )\Zk+1 - )\Axk_,_l.

It is interesting to see that the above inclusion is also the optimality condition of

: A 2

Zg+1 = argmin zegm | h(z) + (2, yx) + 5”»2 — Az || ¢
Using Definition 1 of Lecture 6, we have
1
Zk+1 = proxiy, ((Azgpr — k) -

Finally, it follows from (7) and the above formula for z;4; that (5) holds. O
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Note: The proof of Lemma 2 can be simplified using the extended Moreau decomposition. This
alternative proof is left as a homework problem.
Using Lemma 2, we can rewrite Algorithm 1 in its primal form.

Algorithm 2 Dual proximal method (primal form)

Input: Initial point yp € R™
for £ > 0 do
Compute Ty = argmax ern{{z, A y) — f(2)}.
Compute ygi1 = yr — AAzgi1 + Aproxy, (Azpi1 — 3Yn)-
end for

It is clear from the proof of Lemma 2 that the dual proximal method has another presentation
in the alternating minimization form using the z sequence.

Algorithm 3 Dual proximal method (alternating minimization form)

Input: Initial point yp € R™

for £ > 0 do
Compute x5 = argmin yegn { f(z) — (z, ATyp)}.
Compute 241 = argmin ,crm {h(z) + (z,yx) + %Hz — Az}
Compute yp 1 = yp — AATp 1 + Azgg1

end for

In fact, Algorithm 3 can be understood from the augmented Lagrangian perspective. Recall
the Lagrange function L(z,z;y) is defined in (1). We define the augmented Lagrange function as
follows

A A
Lo, 259) = L, 259) + 5 1Az = 22 = () + () — " (Az — ) + 5 [ 4z — 2|
Then, we rewrite Algorithm 3 as

Tgy1 = argmin gern L(z, 255 Yk ),
Zg+1 = argmin ;erm Ly (Tr41, 25 Yk),
Yet1 = Yk — MATp1 — 2541) = Y + AV L(Tpt1, 25415 Y)-
With the understanding that the dual proximal method is the proximal gradient method applied
to the dual problem in mind, we also note that the dual ascent method is the subgradient method

applied to the dual problem, and the augmented Lagrangian method is the proximal point method
applied to the dual problem.
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2 Duality between Frank-Wolfe and mirror descent

We present a fascinating connection between Frank-Wolfe and mirror descent, that is, Frank-Wolfe
applied to the dual problem is equivalent to mirror descent applied to the primal problem. We
consider the following primal and dual problems.

Primal

min {6(z) == f(Az) + h()}

zER™
and dual
max{t(y) .= —h*(—ATy) — f*(y)}.

yeC

Assume f : R™ — R is Lipschitz continuous everywhere and h : R” — (—o00, 00| is p-strongly
convex, and A € R™*", This implies that dom f* is bounded. Define

R= max ||A"(y1 — v2)||« = diam(A dom f*). (8)
y1,y2€dom f*

Applying Frank-Wolf from Lecture 8 to the dual problem, we have the following dual Frank-
Wolfe method.

Algorithm 4 Frank-Wolfe method for dual problem
Input: Initial point yy € dom f*
for £ > 0 do
Step 1. Compute x3 = argmin zepn{(x, ATyp) + h(2)} = V(R*)(—ATy).
Step 2. Compute g, € Argmax yec{(y, Azy) — f*(y)} = 0f (Axy).
Step 3. Choose tj, € [0,1] and set yg+1 = (1 — tx)yr + tk k-
end for

Applying Theorem 1 of Lecture 8 directly gives the following convergence result for the dual
problem.

Theorem 3. For every k > 1, we have

i 2R?
Pr = @Z)(yk) < m

2.1 Mirror descent

Consider the primal problem

min {¢(z) := f(Az)+ h(z)},

z€eR™

we present the following special mirror descent method for the primal problem.
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Algorithm 5 Mirror descent for primal problem
Input: Given yo € dom f*, set initial point zg = V(h*)(—ATyo) and h/(x9) = —ATyo.
for £ > 0 do
Step 1. Choose t; € [0, 1] and compute z;11 = argmin zcgn {€¢($;xk) + iDh(w, IL‘k)}
Step 2. Set (1) = (1 — tgp)h/(x1) — tp AT f(Azy).
end for

Note that we linearize the whole primal function ¢ and use the u-strongly convex function h as
the distance generating function.

The following theorem show that the dual Frank-Wolfe method is equivalent to the above mirror
descent method.

Theorem 4. If both Algorithms J and 5 use the same subgradient oracle of f, i.e., g = f'(Axy)
where f'(Axy) is the one used in Step 1 of Algorithm 5, then given the same initial point yo €
dom f*, both algorithms generate same iterates {xy}.

Proof. Tt follows from Step 1 of Algorithm 5 that
0€ty (AT F(Azy) + h’(xk)> + Oh(@ar) — W (a0),

and hence that
0e—(1- tk)h/(ivk) + tkATf'(Axk) + Oh(xg41).

This is equivalent to
8h(:ﬂk+1) = (1 — tk)h’(ack) — tkATf,(ASL‘k).

Using Theorem 3 of Lecture 3, we have
Tra1 € oh* ((1 - tk)hl(l‘k) — tkATf,(ASUk)> .

Since h is strongly convex, we know h* is smooth and Oh* = VA*. This means xj.1 is unique
zrir = VR (1= ) (2x) — e AT f/(Aay)) 9)

Next, we consider Algorithm 4 and prove that —A Ty from Algorithm 4 is equal to h/(z) from
Algorithm 5, i.e.,

— ATy = 1 (2p). (10)

We prove this relation by induction. It clearly holds for k = 0 in view of the input of Algorithm 5.

Suppose (10) holds for some & > 0. Then, it follows from Step 3 of Algorithm 4 and the assumption
that g = f'(Axy) that

ATy = —(1 = te) ATy — kA Gk = (1 — G0/ (zx) — e A" f'(Azp) = B (z141),
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where the last identity is due to Step 2 of Algorithm 5. Hence, we prove (10).
Now, using Step 2 of Algorithm 5 and (10), we conclude that (9) is equivalent to

Ty = VR <—ATyk+1> :

which agrees with Step 1 of Algorithm 4. Therefore, we finally prove that dual Frank-Wolfe and
mirror descent are equivalent. O

Convergence of Algorithm 5 is left as a homework problem.

3 Dual averaging

Recall from Lecture 5 that an iteration of the mirror descent reads as
. 1
et = avgmin e { f(20) + (7)o = ) + L DuGon) | (1)

or Tp41 = projg(yYr+1) and yry1 satisfies
Vw(y;ﬁq) = Vw(xk) — akf’(xk).

Nesterov’s dual averaging method is a lazy version of mirror descent, where xx11 = projo (yk+1)
and yiy1 satisfies

Vw(yrt1) = Vo(ye) — arf'(zr),  Vw(ye) = 0.

That is, different form mirror descent, which goes back and forth between primal and dual spaces,
dual averaging simply averages the dual variables (i.e., gradients), and takes the inverse mirror map
as in mirror descent only if asked for a point in the primal (i.e., yxy1). Clearly,

k

Vu(ypsr) = = Y aif ().

1=0

Hence, dual averaging can be equivalently written as

T4l = argmin ;e {Ak+1f‘k+1(x) + w(w)} , (12)
where
. A - a r
Fk+1 = k 'y + k ff($; xk), Ak+1 =Ap+a,, TI'o=0, A,=0.
A1 Akt

If ap = A constanst stepsize, then dual averaging is

k
. 1
Th4+1 = argmin zeQ { E Cp(ws ;) + )\w(x)} .

1=0
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To setup the stage, we consider the composite optimization problem min{¢(z) = f(x) + h(z)}
with the same assumptions on f and w as in Lecture 5 for mirror descent. We assume A is closed
and convex.

Algorithm 6 Dual averaging
Input: Initial point xg € domh, set Ag =0 and I'o =0
for £ > 0 do
Step 1. Choose ai and compute A1 = Ag + a.

Step 2. Compute

Tpy1 = argmin pegn { App1lpy1(7) +w(z)}, (13)
where
k ag
Tl = Tfk t e W= Cy(5 ) + D (14)
k+1 kt1
end for

Lemma 3. For every k > 1, we have

2M2 k—1

Ak (Tg) — a? +w, < ;rel]g}l {AkTk(z) + w(x)},

i=1
where wy, = mingern w(x), T3 = x1, and for every k > 1,

A ak
Ty = Tk + Th+1-
Aps1 Ap1

Proof. Proof by induction. Since Ag = 0, the case k = 1 is trivial. Assume the claim is true for
some k > 1. It follow form (13) and (14) that

A1l (xp41) + w(zpgr) = Aplk(zr1) + arve(Tr41) + w(Ts1)

> ATw(ex) +wan) + §llee — ol + avye(en),

where the inequality is due to the fact that the objective in (13) is p-strongly convex in || -||2. Using
the induction hypothesis and (13), we have

_ 2M p
Ap1li1(@rr1) + w(@hg1) 2 Apd(Zr) — > a +w.+ oIzt = 2k |* + apyi(@p11)
i=1
9 9 k-1 P
= Arp(Zx) — Za? + we + a | W(@rr1) + 5—llzrgr — 2l -
1 Qak

Since f is M-Lipschitz continuous, we know
P(wrt1) = Wo(@pt1) = flwrgr) = Lp(@pgr; ) < 2M ||zpsr — |
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and

P 2 P 2 2a; M*
Y (@g41) + Takuxkﬂ —apl|” = d(zpt1) — 2M ||lzpp1 — 2| + EH%H —z” = dpt1) — -
Therefore, using the definition of Zy,1 and the convexity of ¢, we conclude that
22 202 M?
A1l (@) + w(@p41) 2 Apd(T) — ai + wi + app(pp1) — —-
i=1
202 &
> Ap16(Zp) — —— Y ai +ws,
i=1
and hence that the claim for k + 1 is proved. ]
Theorem 5. For every k > 1, we have
i} w(w.) —w, 2M* 37 a?
k P k
Proof. Using Lemma 3, we have for every z € R",
o2 k-1
Apd(Tr) — > af +w. < min {ATk(2) +w()} < Alk(e) + w(w).
x n
i=1
Taking x = z, gives
2M2 k—1
Apo(Ty) — > a} +we < ApTk(s) + w(w.) < Aggy + w(z.)
i=1
Therefore, the theorem is proved. O

If we take constant stepsize

then

w(Ty) — Wy 2AM?

¢<yk) — ¢x < N + P
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