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Smoothing Techniques

Lecturer: Jiaming Liang October 31, 2023

1 Smoothing

Recall that the convex nonsmooth optimization complexity is

M?d3
°(%7"),

which is optimal for a black-box model, i.e., unstructured problems. However, if we know some

structure of the problem, the complexity could be improved by taking advantage of this structural
information. In this lecture, we explore the smoothable structure in nonsmooth optimization. The
goal is to improve the complexity form O(¢=2) to O(e™1).

Consider

min {(x) = f(x) + h(z) + 0()} (1)

z€R™
where f is convex, differentiable everywhere and L-smooth, h is closed, convex and simple, and 6

is convex (but not simple) and smoothable.

Definition 1. A function 0 is (Cy, Ca)-smoothable if there exist a scalar p > 0 and a conver and
differentiable function 0, such that

o 0,(x) < 0(x) < 0,(x) + Cop;
o V0O, is %—Lipschitz continuous.

For some p > 0, we consider an auxiliary problem

min {6, () = f() + h(z) + 0,(2)}.

zeR”™

Let f.(x) = f(x) + 0u(x), then we know f, is convex , differentiable everywhere, and Vf, is

(L + %)—Lipsehitz continuous. Apply the ACG method with FISTA update to solve the auxiliary
problem.
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Algorithm 1 FISTA
Input: Initial point o € domh, L, = L + %, set yo = xg, Ag = 0.
for £ > 0 do
Step 1. Compute

. 1+ +/1+4L; A B - Apyr + apxy
ap = ) Ak+1 = Ak +ag, Tp=-—7TFT—" (2)
2L A1

Step 2. Compute zpy1 and ygi1

L
Ykl = argmin {Efu(x; Zy) + h(z) + 7””3: —)? iz e ]R”} ,

Apt1 Ay,
Yke+1 — —— Yk-
ag ag

Tyl =

end for

Theorem 1. If u = 55, then FISTA finds yj, such that ¢(yx) — ¢« < € in at most

0 (uxo .y <\F+ W))

Proof. In view of the first condition in Definition 1, we have for every = € dom h,

iterations.

du(r) < ¢(x) < du(x) + Cap.

Using this inequality and Theorem 1 of Lecture 7, we have

¢(yk) — Qs = Qb(yk) - ¢,u(yk:) + ‘bu(?ﬂe) - ¢u($*) + ¢u($*) — O«
< Cop+ Gu(yr) — Pul@s) +0

_ &, 2Ly [lwo — =
2 k2
£ Cr\ Jlwo — x|
— a9 p a2t RO Bl
e

where the last identity is due to the definition of L, in Algorithm 1. To find e-solution, the

complexity is
L CiC
O(\\xg—x*H <“£+ E ))
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Example
Consider the saddle point problem
i h A —
min max f(z) + h(z) + (Az,y) — g(y)
or

min f(z) + h(z) + max (Az,y) — g(y),
r€eR™ yeER™

where f is convex, differentiable everywhere and L-smooth, h is closed, convex and simple, g is a
closed and convex fucntion, and dom g is bounded.
Define

0(r) = Helﬂ%XM% y) —g(y) = g"(Ax), AeR™",
y m

Then, the problem is in the form of (1) and #(x) is convex but not necessarily smooth.

Lemma 1. Assume g is a closed and u-strongly convexr function, then

0(z) = (9)"(2) = sup (z,9) — 4(y)
yeR™

is convex: and differentiable everywhere, and VO(z) = y(z). Moreover, V0 is %—Lipschitz continuous.

Proof. See Lecture 5. O

In our setup, we let

9(y) = g(y) + gHy — ol

for some yy € dom h and

0u(z) = sup {(z0) =90 = 5y~ o}
Then,
V0u(2) = yu(2)

and it is %—Lipschitz continuous. Now let

eﬂ(x) = éM(Ax)a

2
then 6, is W—Lipschitz continuous. So we have C; = ||A||?>. Moreover, we have for every z €
dom h,
M 2
On(w) —0(z) <5 max iy — ol
SO

1
Cy = 3 Diam(g)2.
Finally, applying Theorem 1, the complexity to find e-solution is

0 (Hl‘o o (f+ ”A”Dm(g))) |
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