CSC/DSCC 574 Continuous Algorithms for Optimization and Sampling Lecture 6

Stochastic Approximation

Lecturer: Jiaming Liang February 15, 2024

1 Stochastic optimization

Sampling from a probability distribution Py(x) o< exp(—f(x)) can be cast as an optimization

min  KL(P||P).
PePy(R?)

Note that KL(:||-) is not symmetric, KL(u||v) > 0, and KL(u||lv) = 0 if and only if p = v. If
we parametrize the target distribution Py as Py, where 6y € R" and switch P and P, then we
reformulate the problem as

min  KL(FPy, || Py).
p,un (Poo 1 P9)

By the definition of KL divergence, we have

: . Py, (2)
KL( Py, ||Py) = 1 P dz
min KL [IP) = min [ 10g T Py (2
= Pger%ir(lw)/longo(z)Pgo(z)dz—/long(z)Pgo(z)dz
:/longo(z)Pgo(z)dz— max /10gP9(z)PgO(z)dz
PyePa(R4)

= /log Py, (2) Py, (2)dz — max E.~py, [log Py(2)].
The infinite dimensional optimization problem thus reduces to an n-dimensional problem

max B p,, [log Pp(2)], (1)

and can be generalized as stochastic optimization (SO)

min {¢(z) := f(z) + h(z)}, [f(r) = EeF(2,)]. (2)

FASING

Problem (1) is indeed the maximum likelihood estimation (MLE). A standard way to solve MLE
(1) (and SO (2) in general) is to solve its sample average approximation (SAA), namely, taking
independent and identically distributed (i.i.d.) samples Zi,...,Zy of Z ~ Py, and optimizing the
average of the function value samples,

(6]2) log P,
I;leag{ 1) Zoge }
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Since we take the i.i.d. samples first and then solve the deterministic optimization problem, this is
an offline approach. In contrast, we can take a sample of the function value (if necessary) and its
first-order information, and perform a (proximal) gradient step. This method is called stochastic
approximation (SA) and is an online approach.

2 Stochastic approximation

To study the SA approach for solving (2), we need the following assumptions.
(A1) both f and h are closed and convex functions;

(A2) for almost every & € =, a functional oracle F(-,£) : domh — R and a stochastic gradient
oracle s(+,&) : dom h — R" satisfying

f(z) =E[F(z,8)], f'(z)=E[s(z,§)] € df(z)
for every x € dom h are available;
(A3) for every x € dom h, we have E[||s(x, &) — f'(2)|%] < o?;

(A4) for every x,y € domh,
L
F@) = @) = (F' ()2 —y) <2Mllz —y] + Sz = y]* 3)

In this section, we are particularly interested in the stochastic version of the proximal subgra-
dient method, which is an SA-type method.

Algorithm 1 Stochastic subgradient method
Input: Initial point x¢o € R™
for £ > 0 do
Step 1. Choose A\, € (0,1/(2L)) and generate a stochastic gradient s(x; &)
Step 2. Compute

. 1
e = argain { (s(oxs ), )+ 1(w) + 51— ).
u€R™ k

end for

2.1 Convergence in expectation

Lemma 1. For every k > 0, we have

1 1 4)\2M2
M (D(zp41) — @(24)) < §H1’k - x*HQ - §ka+1 - :L"*Hz + 1—]€TIQL
+ M(s(xp; &) — f1(xr), e — ) + N2|[s(zp; &) — f(zp)]]2 (4)
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Proof. 1t follows from step 2 of Algorithm 1 that for every u € dom h,

1 1 1
(s(@3 &), uh+hu)+ o flu—ag|* > (5(wks &), wr) HP(wai) + 53 k1 —l® + o s —ul®.

2k 2k
Taking u = x, in the above inequality and using the convexity of f and (3) with (z,y) = (zg4+1, k),

we have
f@e) = (f (), me — i) + h(zs) + (s(@p; &), 24) + 21\ |2n — o)
> fan) + h() + (a3 ), ) + o = P

> f(xg) + h@rs1) + (82 &)y Thr1) + =—2ee1 — zal® + = l|lwesr — s

20
1— ML
2\

22Xk

>f(aps1) — (F (k) p1 — xp) — 2M || @pgr — ]| + @1 — k]|

+ h(@pr1) + 8@k ), Trr1) + =l Tpr1 — 2

2
Rearranging the terms, we have

1 1 1— ML
M (k1) = &) < gllax = 2ull® = Sl = 2l + 20 M [l — ol - —

+ M (s(zri &) — [/(2r), oo — ) + +Xe(5(@rs &) — f(2h), Tp — Tpg1)-

|1 — x|

Using the above inequality, the Cauchy-Schwarz inequality, and the fact Ay < 1/(2L), we have

1 1 1— ML
M (D(xhg1) — O(24)) < 5\\% —z.|” — 5\\%“ — @ ||” + 20 M ||zp 1 — ]| — 5 " g — @)
1
+ e (8(@r; &) — f(2n), s — xk) + AR 8(z; &) — F (2p) |12 + Zkaz-i-l — zg)?
1 1 1—2)\.L
< 5\\% — z|* — 5\\xk+1 — @ |” + 20 M ||zp1 — ]| — 1 P2 ks — @)?

+ Me(s(ns; §) = f/(@n), e — an) + Alls(ar; &) — f (z) |12
Finally, (4) follows from the above inequality and the AM-GM inequality. O

Theorem 1. If \i, < 1/(2L) for every k > 0, then

k18>\M k—1
g+ 30 Ton + iz 2M07

B¢, [0(Zk)] — ¢(xs) < 3 (5)
_— 221‘:01 Ai
where 1
7y = SR G g — ©)
Zi:D Ai
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As a consequence, if

€ 1
A = )\ = mi e
k mm{1mw2+2aW4L}’ @

then we find Ty, such that B, _, [¢(Zk)] — ¢(z+) < € in al most

) 2

mw{@%(mM%&#mﬂ
g &€

iterations.

Proof. Taking expectation of (4) w.r.t. & conditioned on §j;,_y) and using (A2) and (A3), we have

1 , 1 9 AN M?
MeBe,, [0(xrr1)|€pp—1)] — Ard(as) < §H$k — x.||7 — §E§k (lzr+1 — el?1€pmn)] + T
+ MeEe, [lls(zr; &) — sell*1€p—1)]
1 21 2 AN M? 2 2
< sllo = 2l = 5B, [lonin = 2 lPlen] + 77517 + Ao
Taking expectation of the above inequality w.r.t. {z_;) and using the law of total expectation, we
have
1 97 1 9 4N2 M 5 o
)‘kEﬁ[k] [p(zrr1)] — App(z4) < iEg[kil] “|$k — x| ] - §E§[k] [||$k+1 — o ] T m Ao

Summing the above inequality from k& = 0 to k — 1, we obtain

k—1 k-1

il 1 AN2 M2
> [Ee, [0(zin)] — 6(z)| < 5d3+ D AP I

Using the convexity of ¢ and the definition of Zy in (6), we show (5) holds. Using the constant
stepsize A as defined in (7), we have that relation (5) implies

~ d2 5 d2
Ef[kfl] [¢($k>] — QS(:L'*) ~ m + 8>\M + )\0’ ~ m + *.
The last conclusion of the theorem follows from the above inequality and (7). O

Corollary 1. Assume A\, = X is as in (7), then the complexity to find Zy, such that

P((Tr) — ps <€) > 1 —p,

0 (maX{Ld%, (M j‘f)d?)}). (8)

Ep e'p

where p € (0,1), is
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Proof. If we have
Elp(Zk)] — &« < pe, 9)

then it follows from the Markov’s inequality that

P(p(zk) — ¢« > €) < W <p.

Hence, using Theorem 1, we obtain the complexity to find Z, such that (9) holds is (8). Therefore,
the corollary follows. O

2.2 High probability result

It is possible, however, to obtain much finer bounds on deviation probabilities when imposing more
restrictive assumptions on the distribution of s(x, ). Specifically, assume the following “light-tail”
condition.

Assumption 1. For any x € dom h, we have

E [exp (s(x, &) — V£(2)[2/0%)] < exp(1).

It can be seen that Assumption 1 implies (A3). Indeed, if a random variable X satisfies
Elexp(X/a)] < exp(1) for some a > 0, then by Jensen’s inequality

exp(E[X/a]) < E[exp(X/a)] < exp(1),

and thus E[X] < a. Of course, Assumption 1 holds if ||s(z, &) — Vf(2)||?> < o2 for all x € domh
and almost every £ € =.

Assumption 1 is sometimes called the sub-Gaussian assumption. Many different random vari-
ables, such as Gaussian, uniform, and any random variables with a bounded support, will satisfy
this assumption.

The following result is well-known for the martingale-difference sequence.

Lemma 2. Let {) = {&1,&2,...,&k} be a sequence of i.i.d. random variables, and (i, = (x, (5[@) be
deterministic Borel functions of &) such that E [ | 5[1:—1}] =0 a.s. and E [exp (¢2/0?) | §[k_1]] <
exp(1) a.s., where o, > 0 are deterministic. Then for any v > 0, we have

i=1
Proof. Denote (i, = (x/ox. Then, we have

E[Ce | §—1)] =0, Elexp(Cr) | &x—1j] < exp(1). (10)

Stochastic Approximation-5



Also note that exp(x) < z + exp(92%/16) for all z € R. Using the above relation with x = a(}, for
a € [0,4/3] and (10), we have

902
Blexp(ady) | -] < Elexp(90%GE/16) | o] < exo (). (1)
It follows from the fact that ax < %OP + %xZ that

. 2 _ 2
Elexp(ade) | e—1] < exp <3g) Elexp(2¢7/3) | Ek—1]) < exp (33 + 3) ’

and hence that for ao > 4/3,

042
Elexp(adi) | €p_y) < exp (34) . 12)

Combining (11) and (12), we have for every o > 0,

2
Blexplae) | ] < exp (%),

or euivalently every ¢ > 0,

3 2 2
Elexp(tCk) | {p—y) < exp< tf’“) :

Since (x is a deterministic function of &), we have the recurrence

[exp (tz Q) exp (tZCz> [exp(tCk) | & 1]]]

3t2 2
< exp (4) exp tZg .
Hence, we have for every ¢ > 0,

k k
E |exp (tZQ)] < exp <3t2 241':1 a?) .
i=1

Applying the Chebyshev’s inequality, we have for v > 0 and every ¢t > 0,

o)

k k 2
R
< exp —t’y\ Za? exp (%) .

k k
G Y 07| <exp | —ty,|D o?
=1 i=1 ;

Stochastic Approximation-6



Since the above ineqaulity holds for every ¢ > 0,

2 : 2 3t22§:1‘71‘2
P ZQZ’V Zai gg(f)exp —ty ZO’Z- exp —

=1 i=1 1=1

O

Theorem 2. Assume domh has finite diameter D. Then, for every v > 0, the average point Ty,

as in (6) satisfies

k-1 771! =122 k-1 "
N > . 2 i St 2 2 2
P | &(Zr) — du > [2;—%)\11 d0+; 1—2)\L +2yDo iz:%)\l 2L+ ;AZ
2
<exp <—3> + exp(—7). 19)

Proof. Let G = Ai(s(zk; &) — f'(zr), 2 — o) and Ag = ||s(zg; &) — f'(zx)]]. Then, (4) becomes

4N2 M2

S A2AZ,
1_2)\kL+Ck+ [PAV

1 1
Ak (D(@n1) = 6(@2)) < llok = 2al* = Sllon — 2]* +

Summing the above inequality over iterations gives
k—1 4X2M2

k-1 k-1
6(78) — blzs) < dg + 3270 105,z + 2ico 26+ 2 QA?A?.
B 237100 A

Clearly, it follows (A2) that E [(k | f[k,l]] = 0, i.e., {¢x} is a martingale-difference sequence.

(14)

Moreover, it follows from the Cauchy-Schwarz inequality, the boundedness of dom A, and Assump-
tion 1 that

E [exp {Gi/(MDo)*} | €] < E [exp {(MDAR)?/(AxD0)?} | €] < exp(1).

Using the previous two observations and Lemma 2, we have for every v > 0,

(15)

It follows from the convexity of exp(-) that
k—1 k—1 E-l o
exp Z)\%A?/ O'QZA? < Z ﬁexp(A?/az).
i=0 i=1 prl) DA
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Taking expectation of the above inequality and using Assumption 1, i.e., E[exp(A?/a?)] < exp(1),

we obtain
k—1
E exp{ZA?A?/( ZZ)\Z) }] < exp(1).
i=0

This inequality and the Markov’s inequality imply that for every v > 0,

k-1 k-1 k-1 k-1
P (ZA?A? > (1+’y)022)\?> =P (exp{ZA?A } > exp{(1+7)022)\%}>
=0 i 1=0

- o o
<E [exp <Z AZQAZQ)] /exp ((1 +7)0? Z A?)
=0 =1
< exp(—7). (16)

k—1 k—1
P e+ 2yDo, | Y A2+ 2(1+9)0” > N
0 =0 1=0
k—1
<P )o? > A

where in the second inequality we use the fact that
P(X+Y >a+b) <P{X >a}U{Y >b}) <P(X >a)+P(Y >b).
It immediately follows from (15) and (16) that (13) holds. O

Corollary 2. Assume domh has finite diameter D and

Ar = A =min c 1
R 2[4M? + (1 —logp)o?] 4L [’
then the complezity to find Ty such that
P(¢(zr) — ¢ <€) =1 —p,

where p € (0,1), is

9 9 9

2 [M?+0%(1+1log1)]d3 D242
O<maX{Ld0’[ (2 g5)] 07D2010g]10 | 1)
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Proof. Let v = ©(log1/p). In view of Theorem 2, it suffices to derive the bound on k for

d? s Do 1 ( 1) 5
— 4+ A M+ —log—+ | 1+1log— | oA <e.
2k VE Ep "
Using the choice of A, it boils down to deriving the bound on k for
d3 Do 1 e
— 4+ —log— < —.
VRV R
Hence, we prove (17) is the complexity bound to find Zj, such that it is an e-solution with probability
at least 1 — p. ]
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