CSC/DSCC 574 Continuous Algorithms for Optimization and Sampling Lecture 5

Frank-Wolfe Method
Lecturer: Jiaming Liang February 8, 2024

1 Frank-Wolfe method

Consider the problem min{ f(x) : x € @} where f is convex and ) C dom f is convex and compact.
We also assume f is differentiable over dom f. One method can be employed is the projected
gradient method

Tpy1 = Projo(xr — tV f(wr)),

which is equivalent to

. 1
Tjy1 = argmin {Ef(x;xk) + FH&: —apl?rx € Q} .
k

In this lecture, we will present an alternative approach that does not require the projection operator
projg. The idea is to minimize the linearization of f (without the quadratic term) over Q

yr = argmin {{¢(z; 1) : x € Q} = argmin {(V f(xy),z) 1z € Q},
and then take a convex combination
Thy1 = Tk + t(yp — k), tr €[0,1].

This algorithm is called Frank-Wolfe method, a.k.a., conditional gradient method.

Algorithm 1 Frank-Wolfe method
Input: Initial point 29 € Q)
for £ > 0 do
Step 1. Compute yj, = argmin e (y, V. f(xk)).
Step 2. Choose t, € [0,1] and set 11 = x + ti(yp — k).
end for

This is a projection-free method since we minimize a linear function over (). In many case,
linear optimization over () is simpler than projection onto Q).

Frank-Wolfe method satisfies an even more important property: it produces sparse iterates.
More precisely, consider the situation where Q C R™ is a polytope, that is the convex hull of a
finite set of points (vertices). Then Carathéodory’s theorem states that any point € @ C R™ can
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be written as a convex combination of at most n + 1 vertices of (). On the other hand, by step 2 of
Frank-Wolfe, one knows that the k-th iterate x; can be written as a convex combination of k£ + 1
vertices (assuming that xg is a vertex). Thanks to the dimension-free rate of convergence, we are
interested in the regime where k < n, and thus we see that the iterates of Frank-Wolfe are very
sparse in their vertex representation.

Let us consider the general composite opimization problem.

min{¢(z) := f(z) + h(z)}. (1)
e h is closed and convex and dom h is compact;
e f is closed and convex, dom h C dom f, and f is L-smooth over some set dom h, i.e.,

IVf(x) =Vl < Lllx —yll, Vr,yedomh;

e the optimal set X, is nonempty.

It is not difficult to deduce that the last condition is implied by the first two conditions.

The three properties of Frank-Wolfe method are projection-free (prox-free), norm-free, and
sparse iterates.

In the rest of the lecture, we will consider the following generalized Frank-Wolfe method.

Algorithm 2 Generalized Frank-Wolfe method
Input: Initial point x¢g € domh
for £ > 0 do
Step 1. Compute yj, = argmin yern{(y, Vf(zx)) + h(y)}.
Step 2. Choose t; € [0,1] and set x4 = (1 — tg)xp + tpYg.
end for

2 Convergence analysis
Definition 1. The Wolfe gap is the function S(x) : dom f — R given by

S(x) = max{(Vf(z),z —y) + h(x) — h(y)}.

yER
Lemma 1. The following statements hold:
(a) S(x) >0 for any x € dom f;
(b) S(xs) =0 if and only if —V f(xx) € Oh(xy), that is, if and only if x, is a stationary point of
(1).
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The above lemma gives the importance of the Wolfe gap S(x), which can be used to analyze
the convergence of Frank-Wolfe for nonconvex optimization.

Lemma 2. Let x € domh and t € [0,1]. Then, we have

t2

S~ N+ 1y) < o) — 1) + -y — 2

where y = argmin yern{(u, Vf(z)) + h(u)}.

Proof. Let 7 = (1 — t)x + ty. Then, using the smoothness of f and the convexity of h, we easily
show

¢at) = f(@") + h(z™)

t*L 2 +
< J@) ~ 1V F @)z~ ) + oy — 2P+ hia)
2
< J(@) ~ HV @)z —y) + Sy — el + (1= () + th(y)

2
= o(x) =t [(Vf(z),x —y) + h(x) — h(y)] + %Hy —z|f?

’L
= 6(x) — t5(2) + =y —

Note that so far, we do not use the convexity of f yet.
Three stepsize rules

1) predefined diminishing stepsize:

2
ap = ——;
Pk
2) adaptive stepsize:
S
B = min {1, (:Ck)2} ;
Ly — ||

3) exact minimization/line search:
Nk € argmin e 119 (1 — t)zp + tye) -

The intuition of the adaptive stepsize is S minimizes the right-hand side of (2) w.r.t. t € [0, 1]
when x = x. It is clear the exact minimization rule chooses t; = 1 to minimize the left-hand side
of (2). The underlying intuition for the first rule oy is related to the accelerated gradient method.
This is not elaborated here due to its complexity.

The following lemma shows that Wolfe gap S(x) is in fact a primal-dual gap, and henc it upper
bounds both primal and dual gaps.
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Lemma 3. For any z € dom f, we have

S(x) = ¢(x) = P(Vf(2)),

where Y(y) := —f*(y) — h*(—y) denotes the Lagrange dual function of ¢(x). Moreover, using
convezity of ¢, we have

S(x) = ¢(x) = b, S(x) 29" = h(V (),

where ¢y = mingern ¢(x) and YP* = maxyern Y(y).

Proof. Let y = argmin yern{(u, Vf(2)) + h(u)}. Then, we have

S(x) = max{(Vf(z),x —y) + h(x) — h(y)}

yeR™
= (V/(@),2) + hz) + max{{-V f(z),y) — h(y)}
= (Vf(z),2) + h(z) + 1" (=V[(z))}
= f(2) + (VI (@) + h(z) + B (=V[(z))},
where we use the fact that (Vf(z),z) = f(z)+ f*(Vf(z)) in the last identity (see Theorem 3(i) of
Lecture 3). Using the definitions of ¢ and v, and weak duality, we obtain

S(x) = ¢(x) —p(Vf(2)) = d(x) — ¥ = ¢(x) — s,

and

S(z) = ¢(x) —y(Vf(2)) = s —(Vf(2)) = " —p(V f(2)).

Theorem 1. The generalized Frank-Wolfe method with any of the three stepsize rules satisfies

o)~ oo < 2 i, (3)
where D is the diameter of dom h.
Proof. Using Lemma 2 with ¢t =t} and x = xj, we have
2L

(1 = tr)zk + trye) < (aw) — S (ax) + - lye — 2l

1) If the predefined stepsize is used, i.e., t; = oy, then

2
B0~ o)+ on) < 6(rg) — xS () + L g —
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2) If the adaptive stepsize is used, i.e., tx = S, then

. 2L 2
B = argmin ;¢(o.1) § —tS (zx) + oY lyk — 2kl ¢

and hence

2
61— Bi)as + Bea) < 0lax) — BuS(ew) + 257y —

a2L

< (wp) — S (@) + —==|yp — |-

k
2
3) If the exact minimization/line search is used, i.e., tx, = 7, then

O((1 — mi)zk + meye) < o((1 — ag)zk + apyr)
2L

< (wk) — aS(z) + = |yr — ]|

k
2
In any case, we have
a?L 9
P(ar+1) < Plan) — awS(zx) + ==y — 2"
Consider a sequence of averages of V f(zy) defined as ug = V f(zo) and
Uk41 = (1 — ak)uk + aka(xk), vk > 0.

Since the dual function ) is concave,

Y(upt1) 2 (1 — o) (ue) + app(Vf(zg)), Yk =0.

Using Lemma 3 and the above inequality, we have

2L
Banin) < Blar) — anlo(ar) — (VS )] + Ly — o
(4) aiL 9
< (1= aw)p(zr) + Puprr) = (1= ap)ur) + == lyx — zll”
Rearranging the terms, we have
a2 LD?

P(rt1) — Y(uk+1) < (1 — ag)d(zr) — P(ug)] + 5

Clearly, to prove (3), it suffices to show

2L.D?

d(xr) — Y(ug) < [
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It follows from (5) and the definition of ay, that

a2 2
Sener) — V) < (1— a)dlaer) — vaw)] + E2
k 2LD?
Hence,
2(k +1)LD?

(k+1)(k + 2)[d(zr41) — P(upr)] < bk + D[(ar) — Plur)] + =75
< k(k + 1)[p(xx) — ¢(up)] + 2LD.

Summing over the iterations, we have
k(k + 1)[é(zx) — v (up)] < 2kLD?,
and thus (6) holds. O

The above proof also suggests the following primal-dual Frank-Wolfe method.

Algorithm 3 Primal-dual Frank-Wolfe method
Input: Initial point o € domh and ug = V f(xg)
for £ > 0 do
Step 1. Compute yj; = argmin yern{(y, Vf(z1)) + h(y)}.
Step 2. Choose tj € [0, 1] and set 11 = (1 —t)xg + tryr and ugr1 = (1 — ag)ug + oV f(xg).
end for

The primal-dual convergence is given by (6), which also implies (3).

3 Duality between Frank-Wolfe and mirror descent

We present a fascinating connection between Frank-Wolfe and mirror descent, that is, Frank-Wolfe
applied to the dual problem is equivalent to mirror descent applied to the primal problem. We
consider the following primal and dual problems.

Primal

min {¢(z) := f(Az) + h(z)}

xER”

and dual

maéc{a/)(y) = —h*(—ATy) - f*(y)}.
ye
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Assuming h is p-strongly convex, then h* is smooth. We also assume that A" dom f* is bounded
(i.e., f is Lipschitz continuous), that is

R= max ||A"(y1 — v2)||« = diam(AT dom f*). (7)

y1,y2€dom f*

Applying Algorithm 2 to the dual problem, we have the following dual Frank-Wolfe method.

Algorithm 4 Frank-Wolfe method for dual problem
Input: Initial point yg € dom f*
for £ > 0 do
Step 1. Compute x3 = argmin zepn {(x, ATyp) + h(2)} = V(R*)(—ATy).
Step 2. Compute g, € Argmax yec{(y, Azy) — [*(y)} = 0f (Axy).
Step 3. Choose ti € [0,1] and set yg+1 = (1 — tx)yx + tx k-
end for

Theorem 1 directly gives the following convergence result for the dual problem.

Theorem 2. For every k > 1, we have

. 2R?
P* — w<yk) < m

If we add an auxiliary “primal average” of xj in Algorithm 4, then we can prove a similar
primal-dual convegence guarantee as in (6) for the dual problem.
3.1 Mirror descent

Consider the primal problem
win {6(2) i= f(Az) + h(z)},

we present the following special mirror descent method for the primal problem.

Algorithm 5 Mirror descent for primal problem
Input: Given yg € dom f*, set initial point zg = V(h*)(—ATyo) and ' (z) = —A T yo.
for £ > 0 do
Step 1. Choose t;, € [0,1] and compute 1 = argmin yegn {E¢(az;xk) + iDh(x, xk)}
Step 2. Set W (zy1) = (1 — tg)h/ (xx) — tx AT f/(Axy,).
end for

Note that we linearize the whole primal function ¢ and use the u-strongly convex function h as
the distance generating function.

The following theorem show that the dual Frank-Wolfe method is equivalent to the above mirror
descent method.

Frank-Wolfe Method-7



Theorem 3. If both Algorithms J and 5 use the same subgradient oracle of f, i.e., yp = f'(Axy)
where f'(Axy) is the one used in Step 1 of Algorithm 5, then given the same initial point yo €
dom f*, both algorithms generate same iterates {xy}.

Proof. Tt follows from Step 1 of Algorithm 5 that
0 €ty (AT f/(Awg) + (1)) + Oh(arsr) = W (),

and hence that
0e—(1- tk)h/(.fck) + tkATfl(Al’k) + Oh(xg41).

This is equivalent to
8h(a:k+1) = (1 — tk)h'(xk) — tkATf'(Aa;k).

Using Theorem 3 of Lecture 3, we have
Tri1 € oh* ((1 — tk)h/(xk) - tkATf/(AiL‘k)) .

Since h is strongly convex, we know h* is smooth and Oh* = VA*. This means x4 is unique
zipr = VI (1= to)l () — AT ' (Azy) ). ®)

Next, we consider Algorithm 4 and prove that —A Ty from Algorithm 4 is equal to h/(z) from
Algorithm 5, i.e.,

— ATy, = W' (). (9)

We prove this relation by induction. It clearly holds for k = 0 in view of the input of Algorithm 5.

Suppose (9) holds for some k > 0. Then, it follows from Step 3 of Algorithm 4 and the assumption
that g = f'(Axy) that

ATy = —(1 = tp) ATy — e AT g = (1 — ti) B/ (1) — tp AT f'(Axg) = B (zg41),

where the last identity is due to Step 2 of Algorithm 5. Hence, we prove (9).
Now, using Step 2 of Algorithm 5 and (9), we conclude that (8) is equivalent to

Tpp1 = VAT <—ATyk+1> 7

which agrees with Step 1 of Algorithm 4. Therefore, we finally prove that dual Frank-Wolfe and
mirror descent are equivalent. O

Recall that Algorithm 3 has a primal-dual pair (xj, ux) and we can show primal-dual convergence
(6), which also implies both primal convergence (Theorem 1) and dual convergence (Theorem 2).
We prove that Algorithm 5 is the dual to Algorithm 4, hence we also want to derive a “dual” to
Theorem 2, which will be a primal convergence result similar to Theorem 1. The following theorem
is such a result as we show convergence of an average point.
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Theorem 4. If we choose ti, = oy, in Algorithm 5, then

O(F) — b0 + Dylaa,20) < —0 (10)
X — QD X =~ T T\
k h WS )
where
9 k
= D) 2

Proof. Similar to the proof of mirror descent for Lemma 2 of Lecture 3, we have
1 1 1
ly(x; ) + —Dp(x, 2) > Ly(Thpr; or) + —Dp(Tpg1, k) + —Dp(x, Tpq1).
Qg g Lk
Using convexity of f and the definition of Bregman divergence Dy, we have
d(x) > Ly(z;xp) + h(x) = Ly(x; 1) + Dp(, 71).

Combining the above two inequalities, we have

1

1 1
o(x) + < - 1) Dy(z, 1) > Ly(xpt1;2k) + — D21, xk) + —Dp(z, Tpg1)-
Qg Qg tr

Since h is p-strongly convex, we know

> K

Dy(p41,78) > 5 (7

Thus, it follows that

o

1 1
¢(z) + ( — — 1) Dp(z,21) > ly(Tps1;28) + |21 — 2kl + — D (@, 2h41).
(697 QOzk tr

Rearranging the terms and using the Cauchy-Schwarz inequality, we obtain

d(ax) — d(@) < [~ — 1) Di(e, @) — — Dl aus) + 10/ (@) st — zall —
Qg

093

s

o 2
S |Zrg1 — 2kl

(11)

Recalling (9) from the proof of Theorem 3, we know
W (xy) € —ATdom f*.

Hence,
' (@p) e = AT f/(Azg) + W' ()]s < max AT (y1 = y2) ]« = R

y1,y2Edom f*
Plugging the above bound into (11), we have
1 ) 1 o R?

P(zr) — ¢(x) < (ak — 1) Dp(x, zp) — OTth(x,%kH) + 2
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Using the definition of oy, we have

k(k+1) (k+1)(k+2) (k+1)R?
— @« < —F %y - & %9 7 Aoy
(k + Dé(zr) = du] < ———Dn(s, 2) 5 Dy (4, Tpet1) + PCE)
Summing the above inequality, we obtain
= k(k + 1) kR?

(i + Dlp(xi) — ] < = Dy (w4, z) + e

2

I
o

Finally, we conclude that (10) holds.
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