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Primal-Dual Correspondences with Averaging Dynamics

@ Averaging is a fundamental operation in convex optimization (primal and dual)

o Correspondences provide alternative convergence/certificate proofs (Bach, 2015), (Tibshirani,
2017), (Lu and Freund, 2021), novel algorithm variants (Tibshirani, 2017), (Liang, 2025)

Q1: How do primal-dual correspondences change as we increase the number of average sequences?
* MDA+ GCG, AggGCG+»AggGCG, TAA+GEM

A\

Computable Certificates from Primal-Dual Averaging
o (Nemirovski, Onn, and Rothblum, 2010) popularized “Accuracy certificates” to certify
e-suboptimality.
o Applied to Subgradient Ellipsoid (Rodomanov and Nesterov, 2023), Cutting Planes (Gladin,
Gasnikov, and Dvurechensk, 2025), PEP proofs (Grimmer and Wang, 2026)

@ Accelerated inexact proximal point frameworks (Monteiro and Svaiter, 2013), (Burns and Liang,
2026)

Q2: Can we use “inner” subproblem certificates to construct “outer” certificates?
* PD-AIPP 2/26




Problem of Interest

Problem: Convex Smooth Composite Optimization

¢« = min {¢() := f(z) + h(z)}

zER™

o fis closed, proper, convex and Ls-smooth on R"”, i.e.,

IVf(z) = VIl < Lllz -y

for all z,y € R™.
@ h is closed, proper, convex and sufficiently “simple” (to be elaborated on).

Goal: e-primal-dual gap: find (z,s) € dom h x R™ satisfying

¢(x) +¥(s) <e.

where ¢(s) = f*(s) + h*(—s) is the negative Fenchel-Rockafellar dual.
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Accuracy Certificates

@(z) + 1(s) may not be easily computable

Proposition

Let v : R™ — (—o00, 00| be closed, convex, and differentiable with v(-) < f(-). Define
x, = argmin,cpn {y(x) + h(x)} and s, = V~y(z). Then

¥(sy) < — min {7(2) + h(z)}

Definition (Accuracy Certificate)

We call the pair (y,7) € R™ x (Conv(R™) N C*(R™)) an e-accuracy certificate for a CSCO problem
with objective ¢ if

¢(y) — min{(z) + h(z)} <e. (1)

An e-certificate implies an e-primal-dual gap ¢(y) + ¢ (sy) < €.
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Regularized Notation

Assume w : R™ — [0, oo] is differentiable, 1-strongly convex on dom h, and the generalized linear
minimization oracle

T = argmin{(s,z) + h*(z)}
TER™

is solvable for any s € R™ and a > 0, where

Define ¢(-) = f(-) + h®(-) with dual () = f*(-) + (h*)*(—).

Suppose M := maxX,ecdomr w(z) < 0. Then, if a < e/(2M) and (y,7) is an (/2)-certificate for ¢*(-),
then (y,~y) is an e-certificate for ¢(-).
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@ Correspondence for One and Two Averages Methods
© A Three Average Accelerated Method and Its Dual

© A Primal-Dual Accelerated Inexact Proximal Point Framework
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@ Correspondence for One and Two Averages Methods
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One Average: MDA and GCG

Algorithm Modified Dual Averaging Algorithm Generalized Conditional Gradient
Initialize: given yo € domh, a >0, setn = a/(Ls+a), Initialize: z; € dom f*, set n = a/(Ls + «).
s1 = Vf(yo), and compute for k > 1 do
. o Compute
21 = argmin {(s1,7) + h*(2)} ° . . ,
fork>1do " 2, = argmin{(—V (h%)" (=2), v) + f(0)},

C vER™
ompute _
P Zop1 = NZk + (1 —n)zp.

Tk4+1 = argmin {(sp4+1,z) + h%(x)},
on end for

where sp41 = (1 —n)sk +nVf(zk).
end for

@(Lf/a)-certificate complexity for ¢®, which implies @(LfM/E)—certificate complexity for ¢.
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MDA and GCG Correspondence

Also observed in (Liang, 2025) in the context of proximal bundle methods.

Proposition

Fix yo € domh and set z; = V f(yo). Then, on every iteration k of Algorithm 1 and Algorithm 2, we
have the following correspondence

Vf(xk) =2k, Tk = V(ho‘)*(—zk), Sk = Zk-. (2)

Yo — (51 = 21) — (2% D V() (—2) — (VF(@r) 2 2) — (5501 2 2001,

+ |
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Two Averages: Aggregated GCG (Zhao and Zhu, 2023)

Algorithm AggGCG (Primal)

Algorithm AggGCG (Dual)

Initialize: yo € domh, so € R", n=«a/(Ly + )
for £ > 0 do
1. Compute

Zr+1 = argmin {(sx, z) + h*(z)}.
TER™

2. Compute

Yr+1 = (L =y + nTrt1,
skr1 = (L =n)sk + 0V f(y).

end for

Initialize: zp € dom f*, vo € R", n = /(L + &)
for k > 0 do
1. Compute

Zepr = argmin {—(v, 2) + £7(2)}. (3)

z€R™

2. Compute

2i+1 = (1 = n)zk + NZkt1,
Vi1 = (1 = n)vk +nV(h) " (—zk).

end for

O(L¢ /o) complexity to obtain ¢ (yx) + 1 (s) < &, but without a natural certificate.

Self-dual algorithm
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© A Three Average Accelerated Method and Its Dual
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Three Average Acceleration

One-average (MDAGCG): O(L;/a) certificate guarantees
Two-average (AggGCG): Symmetric updates but loses certificate guarantees
Three-average (TAA): Regain certificate guarantees with a new primal average

Algorithm Three Average Acceleration

Initialize: given y_1 € R", Ly >0, a > 0, set sg = Vf(y_1) and compute

2c
= x¢ = argmin {(sg, z) + h%(z)}, = . 4
Yo = o = argmi {(s0, ) (@)}, B ot JarTila (4)
for £k > 0 do
1. Compute

1= (1= By + Bk, Skr1 =1 —B)sp + BV f(Trt1),

Tp+1 = argmin {(sg11,2) + h*(x)},
xER™

Ykt1 = (1 = B)yx + Brrs1.

end for
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Accelerated Guarantees

For all iterations k > 0 of TAA,
(1+57)
where A = ¢*(yo) — mingern {To(z) + h*(x)} and T'y(-) is the average convex model defined as
Tia() = (1= B)Tk() + By (5 Trs1), (6)
with FQ() = ff(,y_l)

O(+/Ly/a) for regularized problem, implies O(1/MLe~'/?) complexity for original problem.
Optimal in €, explicit parameter dependence on M
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Gradient Extrapolation Method (Lan and Zhou, 2018) in the Dual

Suppose v* is a 1-s.c. function and Ls-smooth relative to f* (e.g., v* = Ly f* or v* = || - ||2/2)

Algorithm GEM

Initialize: given a > 0 and go € dom f*, set zy = go, v—1 = v = V(h*)*(—g0), 7o = @/Ly, Ag =1,

anda_1 =0
for k> 0 do
1. Compute

2. Compute

end for

Thtl = Tk T 5,

Appr = A +a, Op=vr+

oak T + \/T¢ + AT Ay,
ar =
Ly " 2 ’
ap—1

ax (Uk Uk—l)

gk+1 = argmin {%[(—ﬁk,g) + f(9)] + %du* (gllgk)} :

geR™

Ay,

Zk+1 =
App

Qg *
2t T —Gkt1,  Ukpl = V(h*)*(=2zk+1)-
k1

()
(8)
(9)

14 /26



Primal-Dual Correspondence

Proposition
Fix y_1 € dom h and suppose that we choose v* = Ly f* in GEM. Then, setting

so =20 =9go=Vf(y_1) and g = y_1, GEM with objective 1*(-) is equivalent to TAA with objective
¢ (+) under the following correspondence @

V(@k) =gk, Sk=2k Tk =" (11)

2 f* may not necessarily differentiable.

B (b)
/ (x:j:l) — (Vf(@r41) = grt1)
1l
Y=1 = (s0/20 = Vf(y-1)) — (yo/w0/vo = V(h*)*(—20)) yk+T1 (e) (k41 = 2k41) (0)

T @ !

(Tr+1/Vh1 = V(h)* (= 2k41))
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© A Primal-Dual Accelerated Inexact Proximal Point Framework
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TAA for Proximal Subproblems

Consider the specific choice w(-) = 1|/ - —y_1|*> and

o e’
6°() = FO)+hC) + 51—yl (12)
Then, TAA offers the following relative error guarantee

Proposition

Fix ¢ > 0 and choose o such that 4Ly(cc+ Ly)? > oa3. Suppose the number of inner iterations k
taken by TAA satisfies

k> (1+k)log (M) ; (13)

where k := Ly/c. Then, we have the following guarantee

¢ (ye) — min {Th(2) + h*(@)} < Fllye — y1 (14)

v
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PD-AIPP Framework

Algorithm Primal-Dual Accelerated Inexact Proximal Point

Initialize: yo € domh, A >0, 0 > 0, set zg = yg, so = 0™, and Ay = 0.
for £k > 0 do
Step 1) Compute

A+ VA2 +40A,
2 9

g1 = A1 = Ak + a1, (15)
and define the linear map Ty (z) = Aryr/Ak+1 + apr12/Aky1.

Step 2) Define F(-) = (Akt1f(Ti(-)) — Ak f(yk))/ar+1, and find (Jr41, Tes1, k) such that an
affine function I'f | (-) < F(-) and the IPP conditions are satisfied.

Step 3) Update

Ay Glt1 - Ay k1
Yk+1 = 7Y + — Uk Ska1=——8, +—-VIi,,. 16
A Ay St Lo Apey ¥R (16)

end for
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IPP Conditions

IPP Conditions: (§41,%k+1,1%,,) such that

. 1
T () S F(), @psr = argmin {Ff+1(w) + h(z) + Sarm |z — kuIQ} :
e

. 1
(F + h) (k1) + 5——l1r41 = 2all® = (T4 + h) (2n41) — k41 — @]

2a541 2ap41

o
<

1 — il + 6.
Qk41

Relative Error Term: o||,41 — 21|/ (2ax1) satisfied by TAA for solving the proximal subproblem
Absolute Error Term: §
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Comparison with AT Rule

Monteiro-Svaiter acceleration generalizes FISTA. Similarly, PD-AIPP generalizes AT-acceleration.

AT Rule (Auslender and Teboulle, 2006)

- . - 1
Zpy1 = Ti(wr), @p41 = argmin {ff(x; Tpt1) + h(z) + Sars |z — $k||2} o Ykt = Ti(@hy)
+
(17)

Observations: V f(Ty(x)) = VF(x), so F(-) is ag+1Ls/Ag+1-smooth.

Proposition

For o € (0,1), the AT rule satisfies the IPP conditions with

Ti () =tr(s2k), 0=0, A=—, Gkt1=2Tkt1, Tk =2k, O6=0. (18)

The proximal subproblem is solved by one proximal mapping of h.
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PD-AIPP-+TAA Guarantees

Achieves optimal complexity @(\/Lfsfl) for the primal gap, however an accuracy certificate requires a
localization set Q.

Let @ C R™ be a compact and convex set such that {zy}r>0 U {Uk+1}e>0 U {yk k>0 C Q for all k > 1.
For every k > 1, we have the following inequality
: o R
— 5k < _ 9
Flw) + () — min {Tu(@) + i)} < 5722 +6,
where Rg = max,eq || — xo|| and h(-)=h(:) + Io(+), and Ty (-) i
k—1
Te() = Ag" D @il () (19)
i=0

21/26



Localization Set: Intuition

Consider h(-) = || - ||1, with h*(-) = Ip_ (")
Sk & Boo implies ¥(sg) = 00, so ¢(x) + ¥(sg) = oo for any « € dom h. Localization gives

W (sk) = max{(s, z) — |zl — Io(2)}, (20)

which is finite for any s, € R™. R
Choice 1: domh is bounded, so @ = dom#h (so h = h).
Choice 2: Ball centered at xg with radius dependent on ||zg — x.||.

For all k > 0, we have

2
VvV1—o

max{||zy = @ull; [[Grr1 = 2ell; [[Yrra — 2|} < [0 — .||

for x, = argmin{||zg — z|| : ¢(x) = ¢« }.
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Conclusions and Future Work

Contributions

e TAA Method

o Accelerated method via primal/dual averaging
o Dual to GEM
e Produces certificates for regularized problems with optimal complexity

o PD-AIPP Framework

o Generic framework for acceleration generalizing AT rule
o Produces a (localized) certificate from inner proximal certificates
o Paired with TAA inner = achieves optimal complexity

Future Directions

o Parameter-free

@ Localization-free

@ Application to high-order methods
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