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@ Introduction
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Problem |: CSCO

Problem: Convex Smooth Composite Optimization

¢« = min {¢(x) := f(z) + h(z)}

TER™

@ fis closed proper convex and L ¢-smooth on R", i.e.,

IVf(2) = VIl < Lyllz -y

for all z,y € R™.

@ h is convex and simple, i.e.,

. 1
prox () += argmin { i) + 3 — P}
yER™

is efficiently computable for all n > 0.
Goal e-solution: find x € dom h satisfying

¢(I) — ¢« Ze.
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@ Nesterov's accelerated composite gradient (ACG) method achieves optimal
complexity O(e~1/2) for solving CSCO.

@ Restarted ACG methods are a widely used strategy to improve ACG empirical
performance and suppress oscillations.

@ Heuristic restart schemes: gradient (O'Donoghue and Candes [2015]),
function value (O'Donoghue and Candés [2015]), speed (Su et al. [2016]).
No rigorous analysis for global convergence.

@ Goal: develop an efficient restarted ACG method with optimal complexity via
the inexact proximal point (IPP) framework.
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Problem II: LC-CSCO

Problem: Linearly Constrained Convex Smooth Composite Optimization

by = min {¢() = f(x) + h(x) : Av = b}

@ dom f D domh
o f is closed proper convex and L ¢-smooth on R".
@ h is convex and simple.
@ Slater’s condition is satisfied.
@ dom A is bounded with diameter D > 1.
Goal e-primal-dual solution: find (z,\) € dom h x R™ satisfying

veVf(x)+ohlx)+ AT\, |v|<e, |Az—b|<e.
Alternative: e-primal solution € dom h

6(z) — ¢| <&, ||Az —b|| <e.
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A classical method for solving LC-CSCO problems is the augmented Lagrangian
method (ALM), also known as the method of multipliers, which has the iteration

Tpy1 = argminl, (u, \g),
u€R™
Met1 = A + p(Azpg1 — D),
where the augmented Lagrangian with penalty coefficient p > 0 is

L,(x,\) = ¢(x) + (A, Az — b) + g||Aac — 2.

It is known from Rockafellar [1976] that ALM can be reformulated as a proximal
point method in the dual,

1
g1 = argmax {d(A) - 2—||>\ - )\k||2} ,
AER™ P

where d(\) := mingegn L(x, A) and p > 0 is now the proximal stepsize.
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In practice, the ALM primal update is computed approximately (usually by ACG)

Tpt1 ~ argminl,(u, Ag).
u€eR™

Hence, referred to asl-ALM. It is thus natural to suppose that I-ALM is equivalent
to an IPP method in the dual

1
Akt1 A argmax {d()\) - 2—||)\ - )\kHQ} ,
AER™ P
for some suitable definition of “inexactness”.

Current convergence analyses of I-ALM do not take either this perspective or the
full advantage of powerful modern IPP frameworks.

Goal: Develop a straightforward analysis of I-ALM via IPP framework, further
propose a “dual accelerated" I-ALM in spirit of Restarted ACG.
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Preliminary: Gradient Mapping

For CSCO objective ¢(x) := f(x) 4+ h(x), define the gradient mapping as
X — LE+

A

G) ) =  (x — proxs, (& — AV (x))) =

Crucially: ||g£‘(x)|| < ¢ implies
o there exists a subgradient v € d¢(z ™) satisfying ||v]| < 2e
o if dom h has diameter D < oo, then ¢(zT) — ¢ < De.
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Preliminary: ACG |

Problem: Regularized CSCO
min {¢(z) := g(x) + h(z) : € R"}

where
@ g() is (L 4 p)-smooth on R™ and p-strongly convex with dom g D dom h
@ h(-) is closed proper convex and simple

Goal: e-small gradient mapping norm
Algorithm: Accelerated Composite Gradient (ACG)
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Preliminary: ACG Il

Algorithm Accelerated Composite Gradient

Require: given initial point zo € dom+, L > 0, and > 0, set Ao =0, 70 = 1, and

Yo = Xo-
for j=0,1,--- do
1. Compute
Tj 4 /77 + 87 A; L
a; = Al v A =Aj+a, Tiv =T+ pay,
~ Aj aj
T; = ——Y; + ——x;.
j A Yj A J
2. Compute

. . N 2L + -
doen = argmin { £y (us) + hlw) + 2257 = 3y
uE€R™

yj+1 = argmin {2 (y;), ¥ (Fj+1)},
(2L + p)a;g1 — q1%E
Ajrip+1

Ajaj
Ajt1

J

Tj+1 =

end for
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ACG Convergence Rates

Standard Fact:

. 23
1 (j+1) 1 [p
Ay > — 1+- 2 .
it =57 maX{ 1 U Tayar

Define Ry = min{||x — z¢|| : * € X}, where X, is the set of optimal solutions to
min {¢(z) := g(x) + h(x) : z € R"}. Then, for all j > 1,
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© LOA
@ Dual: Inexact Augmented Lagrangian Method
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racle Approximation rA) Framework

Algorithm Lower Oracle Approximation (LOrA) Framework

Require: given initial point :c%; € dom®, o1, € (0,1), A, > 0, set y(I; = x(I)‘.

for k=0,1,... do
1. Choose 5}; > 0.

2. Find (y%Jrl,Fk) € dom ® x (;?il:(dom ®) such that

1
TEO) <90+ |-k,

. 1
Ikl + 22 [0k ) + gk — okl - k)
< UL||?JII§+1 —a|? + 2A\L4,

where for some AL € (0, o],

L . L 1 L2 L TE — T
Tpy1 = a;%%gn I'g(z) + @”x —xpll® 0, gy = T

end for
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LOrA Conditions

@ Lower model

1
Ii() < e()+ KH - —ag]?.

@ Error bound
N 1
ikl + x| 90k + i Ik - abl? - Thok o)
< ULHZ/%-H - zk”Q + 2>‘L511§

Proposition

Let 2L be the minimizer of the proximal subproblem at iteration k,

1
ael:zargmin{@( )+ 3 ||z—xk||2}
zER™

Then, yj-, | obtained by the LOrA framework satisfies

o

1 N o1,
(ki) + gy ke = 7k = () — 3-8~ < S5 ke — kI + 0%

v
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LOrA Guarantees

Theorem (LOrA Suboptimality Guarantees)

Let X, be the set of optimal solutions to min,cgr~ ®(y). Define
RL = ||:r0 — z.|| = min{||z} — 2| : z € X.} and 6% := k=1 ¢} 6% Suppose
that A = oo at all iterations. Then, for every k > 1 we have

T 2AL0F
||y1 - xz 1|| = + _ .
122k VI—ovk l—-oL

- <
g Sl yi) — ®(z.)

Moreover,

The LHS minj<;< ®(y~) — ®(x.) can be replaced with ®(j%) — ®(z..) where
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Warm-up: Proximal Gradient Method

Problem: CSCO
Goal: e-solution
Algorithm: Proximal Gradient Method (PGM)

. 1
Tyl = argmin {(Vf(xk),x — ) + h(z) + o |z — xk|2} .
zER™ n

Folklore: O(s~!) complexity

More examples: proximal subgradient method, mirror descent, extragradient
method, primal-dual hybrid gradient method, proximal bundle method, Newton
proximal extragradient method, ...
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PGM as LOrA

. 1
Tjy1 = argmin {(Vf(xk),x —xk) + h(z) + 2—||x - xk|2} )
TER™ n

O() = f()+h(), TE()=~r(32) +h() + %II —ak|? M=

oL = 77Lf7 AL = o0, 5]]; = 07 yII;+1 = Q?%+1 = Th+1, ﬁ/ktl»l =0.
(1)

O Lower Model: £7(-ak) +h(-) + 55l - —akll* < F() +h() + 5[l - =]
@ Error Bound: By Lg-smoothness and 1 < 1/2Lf:

1
2L q’(?/l%ﬂ) + ﬁ”y};—i—l —ap|* - Fk(xI,;_H)

1) 1)
S f(ws1) — L (Trgrs 2)] < nLgllwrgr — all> = ovullyge — 25l

O(e71) complexity v/
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Dual Application: Inexact Augmented Lagrangian Method

Problem: LC-CSCO
Goal: e-primal-dual solution
Algorithm: [-ALM

Tpy1 A argmin {Ep(sc, i) = @) + (A, Az — b) + B||A:c - b||2}
IGR'H/ 2
Aet1 = A + p(Azp41 — b)

Complexity: 7
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Existing I-ALM Complexity Results (and Preview)

Paper ‘ Alg. ‘ Complexity ‘ p ‘ o} ‘ Conv. Pt.
Lan and Monteiro [2016] | I-ALM O™ Static f+46éqg | Non-Erg.
Patrascu et al. [2017] IFAL O™ Static | f+ g Erg.
Liu et al. [2019] I-ALM 0(e™?) Static f+h | Non-Erg.
I-ALM O™ Geo. f+h | Non-Erg.
Xu [2021] I-ALM O™ St./Geo. | f+h Erg.
Lu and Zhou [2023] al-ALM O™ Geo. f+h | Non-Erg.
Li and Lin [2019] LPALM O™ Static f+h | Non-Erg.
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Existing I-ALM Complexity Results (and Preview)

Paper ‘ Alg. ‘ Complexity ‘ p ‘ o} ‘ Conv. Pt.
Lan and Monteiro [2016] | I-ALM O™ Static f+46éqg | Non-Erg.
Patrascu et al. [2017] IFAL O™ Static | f+ g Erg.
Liu et al. [2019] I-ALM 0(e™?) Static f+h | Non-Erg.
I-ALM O™ Geo. f+h | Non-Erg.
Xu [2021] I-ALM O™ St./Geo. | f+h Erg.
Lu and Zhou [2023] al-ALM O™ Geo. f+h | Non-Erg.
Li and Lin [2019] LPALM O™ Static f+h | Non-Erg.
This work I-ALM O(e™) Static f+h | Non-Erg.
This work I-FALM O(e™) Static f+h | Non-Erg.
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Background: I-ALM as IPPM |

Primal Dual

_ : 1
Tie+1 = argmin L,(z, Ar) Ajs1 = argmax {d()\) — — = /\k||2}
I AER™ 2p

Aiot1 = A + p(Azpy1 — b)

Primal Dual

ZTp41 ~ argmin L,(x, Ag)
rER™

A1 = A + p(Azgy1 — b)

1
Aktr1 & argmax {d()\) - 2—||)\ = )\k||2}
AER™ P

v
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Background: I-ALM as IPPM I

Proposition (Theorem 4 of Rockafellar [1976])
Fix \g € R™, x € dom h and define

1
Al = argmax {d()\) ——||A= )\0”2} )
AER™ 2p

At = Ao + p(Az — b).

Then

Lot a2 :
_ — < _ .
2p||)\ M < Lo(x, Mo) yme]gi L,(y, Xo)

@ Enables absolute error IPPM, requires pj, — oo for O(¢~1) nonergodic
complexity [Xu, 2021, Lu and Zhou, 2023].

@ Can we obtain O(c~!) nonergodic complexity with constant p?
@ Can we use relative error IPPM?
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Algorithm Inexact Augmented Lagrangian Method

Require: given initial point zop € domh, p > 0, €9 > 0, a € (0,1), € > 0, set A\g = 0,
and choose o € (0, 1) such that 20p < D/e.
for k=0,1,--- do
1. Define
ex = (e00” + ope?) /2

and use ACG to find a Zj satisfying ||g(§f(+§z;1(5;k)|| <er/(2D) and set

-1
Trt1 = T — (2L + u)’lgff(f;‘z) (Zx).
2. Compute Mgy1 = Mg + p(Azi41 — D).

(2L+p) "/~
3. If \|gﬁpmk) (Zx)|| < e and ||Azg+1 — b|| < &, then return (zgy1, Apt1).

end for
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Inner/Outer Perspective

Inner Complexity (Proved by standard ACG arguments [Nesterov, 2013])

Proposition
Each call to ACG in Step 1 of I-ALM requires

P <1 L DW/Is+ ﬁnAn))

/ope

ACG iterations.

Outer Complexity

Proposition
I-ALM terminates in

R2 + pe
1 A TP
O( ’ <1—o>p2s2)

outer iterations, where Ry = min{||\.|| : d(A.) = &.}.

Proof by reduction to LOrA

24/48



[-ALM as LOrA

1
o() = —d(), T¥()=—L(@r+1,) + %II =Al®, pL=0, A=p, oL=o0;

L L ko L_ L L
Ay =00, 0 =eoa’, yg =F =, Ugp1 =0, aL=a.
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[-ALM as LOrA

1
o() = —d(), T¥()=—L(@r+1,) + %II =Al®, pL=0, A=p, oL=o0;

L L ko L_ L L
Ay =00, 0 =eoa’, yg =F =, Ugp1 =0, aL=a.

@ Lower Model: By definition for all A € R™ we have

—L(xg41, ) < —argmin L(z, \) = —d(N)
TER®

25 /48



[-ALM as LOrA

1
o() = —d(), T¥()=—L(@r+1,) + %II =Al®, pL=0, A=p, oL=o0;

L L ko L_ L L
Ay =00, 0 =eoa’, yg =F =, Ugp1 =0, aL=a.

@ Lower Model: By definition for all A € R™ we have

—L(xg41, ) < —argmin L(z, \) = —d(N)
TER®

@ Exact minimizer: By definition
N1 = argminyegm {—L(@r11,A) + 5512 = Ael*}
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[-ALM as LOrA

1
o() = —d(), T¥()=—L(@r+1,) + %II =Al®, pL=0, A=p, oL=o0;

L L ko L_ L L
Ay =00, 0 =eoa’, yg =F =, Ugp1 =0, aL=a.

@ Lower Model: By definition for all A € R™ we have

—L(xg41, ) < —argmin L(z, \) = —d(N)
TER®

@ Exact minimizer: By definition

Ak41 = argming cpm {—L(Zk41, A) + 2%”)\ - \el?}
@ Error bound: ?
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[-ALM as LOrA: Error Bound

Condition to prove:
1 o
—d(Ag+1) + %”)‘lﬂrl = Mell” = TR (Aeg1) < 200 + ZH)\/@H =Xl ()

3 (Non-Exclusive) Case Proof
Case |) If ||Azyy1 — ]| > &, then (2) holds.
Case Il) If ||giL(+f,3;1(5ck)H > ¢/2, then (2) holds (using 20p < D/e).
Case IIl) If neither 1) or I1) hold, then (zx41, Ag+1) is an e-primal-dual
solution, and [-ALM terminates.
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I-ALM Complexity

Given € > 0, we choose g = ¢, 0 = 1/2, and p =& *. Then, I-ALM finds an
e-primal-dual solution to the LC-CSCO problem in

@((1+Ri) <1+D<\/\/L;f+|’:|>>>

ACG iterations, where Ry = ||\ — Ao|| = min{||A — Xo|| : X\ € A}, where A, is the set
of maximizers to the dual problem.

Under the conditions and parameter choices of the above theorem, I-ALM finds an
e-primal solution to the LC-CSCO problem in

0 ((1 +R}) <1 +D ( (RA\;D)L’” + (B2 +ED)|A|>>>

ACG iterations.

- = = = S Re;
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Comparison with Previous Work

¢ ((1 +RY) <1 +D < <RA\2D>Lf L (Ba +€D>||A||>>>

Lower Bound: Q (D % + maX{RAgD’lAll}) [Ouyang and Xu, 2021]

o Near-optimal in €, Ly, || A, suboptimal in D, Ry
@ Gradient mapping termination

o Efficiently computable
e Removes two-phase structure used by Lan and Monteiro [2016] by utilizing
gradient mapping for inner termination
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© FLOA
@ Primal: Restarted ACG
@ Dual: Inexact Fast Augmented Lagrangian Method
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Fast LOrA (FLOrA) Framework

Combine LOrA with Acceleration

Algorithm FLOrA Framework

Require: given initial point mg € dom®, pup >0, 0r € (0,1], Ap > 0, 79 = 1, 6g > 0, set Bp = 0 and

yg = zOF and choose an ap > 0 satisfying ar < (1 + Apur) 2.
for k=0,1,... do

1. Set 6} = 6g(o¢p)k and compute

ArTE + A%Tf + 4\p 7 B

by = 5 , Bk41=Bp +bk, Tkt1 =Tk +brur,
-F Br r b, g
ka xk.

= k
Byt Byt

2. Find (511, 2k+1,0;) € dom® x dom® x Conv (dom ®) such that the FLOrA conditions are
HEHAR

satisfied.

3. Choose yE_H satisfying <I>(y£+1) < <I>(Qf+1) and compute

~F F
F _ .F Ty, — Zpq1 rFo_ 1 Foy F bra
Upypr = Uppy + o )y T = 7‘1’1@4-1 ThTy +bepFr 2y — brugyq ).

end for
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FLOrA Conditions

Find (%41, 2k+1,1%) € dom® x dom® x Conv (dom ®) such that the following hold:
HE+AR

FLOrA Conditions

rE() < 8() + 51

I =K1,

= 1 . N
||>\Fuk+1|| + 2\p |:¢'(y£+1) Ak %”y}:—&-l - x£||2 - FE(ZII:H)}
< owllfisr — Zxll° + 22w 6k,
where for some A} € (0, o],

F . F 1 _F (2 F & — i
Zpaq = argmin { I'y, (v) + w”v —Zi|"p, Gpar = T

vERM
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FLOrA Complexity

Let X, be the set of optimal solutions to min, ®(x). Define
R{ := || — 2| = min{||z§ — z|| : = € X.}. Then, for every k > 0,

RE)?  §FCp
D(yL ) — @, < ( g
(Yr+1) = 2Brms + Berst’

where Cr =) o2 Biy1(ar) < oo. Furthermore, if or < 1, then for every k > 0, we
have

VARRS 4 /2\r 6 Cr

|Gk — Ek | < :

(]. — O'F)Bk+1
min H:l}F Q?F” < vV )\FROF + \/2)\1:‘5(1):017
- i+1 7 i = o
= (1-or) Ti B

k2 <1 n \/)\FMF)Q(k_I)}

Bk>)\FmaX{4 2
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Primal: Restarted ACG

Problem: CSCO. Additionally assume
@ fis ps-strongly convex with py > 0
° Ly=>2uy

Goal: e-solution
Algorithm: Restarted ACG
Complexity (Preview):

(el )
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Restarted ACG

Algorithm Restarted ACG
Require: given initial point wyg € domh, o € (0,1), Ly > 0, py >0, and XA > 0, set Bo =0, 79 = 1, and

Vo = wWo.
for k=0,1,--- do
1. Compute
Tk)\+,/T]§)\2+4T)€)\Bk
by = 3 , Brky1 =Bk +br, Try1 =7k +bruy,

~ By b
v = wr + Vg .
Bri1 Bri1

2. Call ACG with the proximal subproblem and perform j iterations until

A . _
Il\yj — Tl1? 4 2A[W(ys) — ©;(x;)] < olly; — Tkl
J

where y; and z; are the ACG iterates, respectively, and ©; and Aj_1 are the ACG estimating sequences.
3. Choose w1 € Argmin {¢(u) : u € {wk,y;}} and compute

1 Aj+ X
Vg1 = (Tk'Uk +brpgr; — by ;A' (O — yj)> .
J

Tk+1

end for 34/48




Inner Complexity

Proposition

Assume that X > 1/(Ly — ). Then in each call to ACG in Step 2 of Restarted ACG,
after at most

1+ ’Vmin {2 100=N(Ly — pg), <i + % W) In (100" MLy — M))H .
7

ACG iterations, the termination condition is satisfied.
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Restarted ACG as FLOrA

CI)() = ¢()7 FIZ() = 9]'(')7 AF = Aj7 6£ = afF = 07 HE = [Lf;
OF =0, AF = )\,yz = wg, xz = g, iz = Uk;

. A+ X, & Vi Y;
=Y, % =T, U = Ve — Y5 u = .
Yk+1 Yjs Fk+1 Js Yk+41 1\ ( k y]), k+1 qj

For every k > 1, the function value gap ¢(wy) — ¢« satisfies

—2(k—1)
_er2 R oYY
— < — —
o(wg) — ¢y < min VR 1+ 2 ,

where Ry denotes the distance from initial point wq to solution set X, i.e.,

Ry = ||wo — x| = min{|lwo — z|| : z € X.}.
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Restarted ACG Complexity

For given € > 0, the following statements hold:
a) ifup=0and 1/Ly < X\ < R3/e, then the total iteration-complexity of
Restarted ACG to find an e-solution is O (RO«/L ¥ /5) ;
b) ifus>0and 1/(Ly — pys) <X <min{l/pys, R%/e}, then the total

iteration-complexity of Restarted ACG to find an e-solution is

O(min{\/Ly/pus, Ror/Ls/€})).

e For A <1/(L; — py), the number of inner ACG iterations is O(1).
o If X sufficiently small, Restarted ACG reduces to ACG.

37/48



Dual: Inexact Fast Augmented Lagrangian Method

Problem: LC-CSCO

Goal: e-primal-dual solution

Algorithm: Inexact Fast Augmented Lagrangian Method (I-FALM)
Complexity (Preview):

i D2+ DR,||A| | VD + RallA|l | /DLy
ol1+ + +
E Lf6 \ﬁ

@ Add primal/dual perturbations
L@, 2) = ¢(x) + Llle = ol + (\, Az =) + ]| Az — 5|2 = T IA = o2

@ Apply FLOrA acceleration to outer loop
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I-FALM

Algorithm Inexact Fast Augmented Lagrangian Method

Require: given initial zo € domh, p > 0, v4 > 0, € > 0, and eg > ¢, set Bp =0, 7o = 1,
vp = €/(2D), and Ao = 19 = 0, and choose o € (0,1) such that 40pe < 1, and o > 0
satisfying a < (1 + \/7ap) 2.
for k=0,1,--- do

1. Set ¢}, = (Tega® + ope?)/8 and compute

pTk + £/ P?TE + 4pTi By,

by = 5 y Bry1 =B +bg, Tri1 =Tk +brva;
- B b
= k Ak + k V.
Byy1 Byy1

: = i<y QL+~ -
2. Use ACG to find a &, satisfying [|G . o) (Zk)|| < ex/(2D) and set
pl

—1
w1 = a5 — QL+ W TGET T (@),

3. Compute Ag41 = U + p(Azg41 — b).
4. If ||v|| <e/2 and ||Azk41 — b|| < &, then return (zx4+1, Ak+1) and terminate; otherwise,

compute \ ) \
1 k1 k (~ k1 ))
Vg1 = — (Tl +okYa——— — — | Uk — 7 )
* Th+1 ( 1+yap p 1+vap

and continue.
end for 39/48



Proposition (Inner Complexity)
For v, = ¢/2D, each call to ACG in Step 2 of I-FALM requires

Inner/Outer Perspective

5 <1+ mm\; W|A|>> '

ACG iterations’.

2Reduced from O(e~1) to O(e~1/2) by primal ~p-perturbation.

Proposition (Outer Complexity)

For 4 = O(¢/(Ra + D)), I-FALM terminates in

- VRa+D
0<1+\;/TE>

outer iterations, where Ry = max{1, min{[|A.|| : d(A.) = ¢.} }°.

2Reduced from O(p~2e72) to O(p~1/2¢=1/2) by dual ~4-perturbation.
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I-FALM Complexity

Theorem (I-FALM Primal-Dual Complexity (Informal))

Let e > 0 satisfy e < ||A||*/Ly. Choose p=Ly/||A|? e0=p"", o =1/4,
Yp =€/(2D), va = O(e/(Ra + D)). Then, Algorithm 6 finds an e-primal-dual solution
to the LC-CSCO problem in

ol VD2 4 DR, || Al N V' D + Ra|| Al N /DL;
€ Lyse Ve

total ACG iterations, where Ry = max{1, |A. — Xo||}, with
A = argmin{||A — Xo|| : A € A.} and A, is the set of maximizers to the dual problem.

v

Corollary (I-FALM Primal Complexity (Informal))

Let g4 > 0 satisfy g4 < 2||A||2(D + Ra)/Ly. Then, using the parameters above with
e =¢4/(2(D+ Ra)), I-FALM finds an e4-primal solution to the LC-CSCO problem in

@<m<l+fw+m JAl | VD+RallAll , ﬁ))

€g v/ Lyseg VEg

ACG iterations. }
a1/48




O( THD(H vD(D ;RA Al vD+LiAg||A|| \/@ )) 3

o Near-optimal complexity in terms of ¢, Ly, ||Al| if e, < Ly

o <[|A|*/Ly: Complexity is O (V/Iy /e, + |1 All/, )

o &> ||A||?/L;: By rescaling ¢, e4, complexity is O (M—i— Lf/HAH)
@ Improved (but still suboptimal) dependence on D, Ry
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0 Numerical Experiments
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Numerical Experiments: Restarted ACG

Problem: LASSO
. 1 1
6. := min {6(0) i= 3140~ bl + 3ol | (@

ERSING

Randomly generated A € R300x1000 with 20% density, b € R%%0, 24 = 0.

Restart Strategy
=== None
s Speed
e Gradient
=== Restarted ACG

0 2000 4000 6000 8000 10000
ACG Iterations (k)

Figure: Comparison with baseline ACG, gradient restarting [O'Donoghue and Candes,
2015], and speed restarting [Su et al., 2016]
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Numerical Experiments: |-(F)ALM

Problem: Linearly Constrained Quadratic Programming

1
by = Helﬁgri {¢(m) = 5xTMx +c'x+og(z): Ar = b} ,

where @ = {z : =10 < x; <10 for all 1 <4 < n}. Set n =200, m = 100,
Q] =1, rank(Q) = 150, A set to 20% density.

1.0 —

= LPALM

Lu and Zhou
I-ALM
10° 10 10?
Performance Ratio r;

I-FALM

Probability
=)
W

e
o

Figure: Performance profile of ALM variants: I-ALM, I-FALM, Lu and Zhou [2023], and
LPALM Li and Lin [2019].
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